A method of data analysis for a set of elastic constant measurements is applied to data bases for wood and cancellous bone. For these materials the identification of the type of elastic symmetry is complicated by the variable composition of the material. The data analysis method permits the identification of the type of elastic symmetry to be accomplished independent of the examination of the variable composition. This method of analysis may be applied to any set of elastic constant measurements, but is illustrated here by application to hardwoods and softwoods, and to an extraordinary data base of cancellous bone elastic constants. The solid volume fraction or bulk density is the compositional variable for the elastic constants of these natural materials. The final results are the solid volume fraction dependent orthotropic Hooke's law for cancellous bone and a bulk density dependent one for hardwoods and softwoods.
Introduction
Many materials are anisotropic and inhomogenous due to the varying composition of their constituents. The identification of the type of elastic symmetry is complicated by the variable composition of the material, which makes the analysis of the elastic constant measurement data difficult. A solution to this problem in which identification of the type of elastic symmetry and analysis of the variable composition are separated and analyzed independently was described in Cowin and Yang [4] . The method consists of averaging eigenbases, that is to say the bases composed of the orthogonal sets of eigenvectors of different measurements of the elasticity tensor, in order to construct an average eigenbasis for the entire data set. This is possible because the eigenbases, composed of eigenvectors, are independent of composition while the eigenvalues are not. The eigenvalues of all the anisotropic elastic coefficient matrices can then be transformed to the average eigenvector basis and regressed against their compositional parameters. This method treats the individual measurement as a measurement of a tensor instead of as a collection of individual elastic constant or matrix element measurements, recognizing that the measurements by different authors will reflect the systematic invariant tensorial properties of a material, like eigenvectors and eigenvalues. This method for averaging different measurements of the anisotropic elastic constants for a specific material has advantages over the traditional method of averaging the individual matrix components of the elasticity or compliance matrices. Averaging invariants removes the effect of the reference coordinate system in the measurements, while the traditional method of averaging the components may induce errors due to the various reference coordinate systems and may distort the nature of the symmetry. This averaging process explicitly retains the orthonormality of the eigenvector basis.
An interesting result that emerged from the Cowin and Yang [4] analysis was a method dealing with variable composition anisotropic elastic materials whose elastic coefficients depend upon the particular composition of the material. In the case of porous isotropic materials, for example, it is customary to regress the Young's modulus against the solid volume fraction and obtain expressions for the Young's modulus E as a function of the solid volume fraction φ; for example E = (constant) φ n . The results of Cowin and Yang [4] provided a means to extend this empirical method to anisotropic materials. In [4] this method was applied to feldspar and it was discovered that the eigenvectors, but not the eigenvalues, were relatively independent of material composition. That result is extended here to three natural porous materials: cancellous bone, hardwood, and softwood. The previous results and the present work establish this method of analysis as a valid approach to the construction of anisotropic stress-strain relations for other compositionally dependent materials.
This new method of analysis also identifies the type of elastic symmetry possessed by the material. No a priori assumption as to the type of elastic symmetry is made. The type of symmetry is identified from the character of the eigenvectors that are calculated. For example, in the present work the analysis shows that human cancellous bone has orthotropic elastic symmetry at the 95% confidence level. However, the data base we employ for wood incorporated the assumption of orthotropic material symmetry so this feature is not illustrated by the analysis of the wood data.
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The Anisotropic Hooke's Law: Notation
The elasticity tensor may be expressed either as a fourth-rank tensor, with components C ij km , in a space of three dimensions or as a second-rank tensor, with componentsĉ km , in a space of six dimensions. The averaging processes are applied here to the six eigenvalues of the matrixĉ and to the eigenbasis ofĉ; or, equivalently, to the inverse ofĉ, the compliance tensorŝ. The effect is to determine the average of the simultaneous invariants ofĉ andŝ. The second-rank tensorĉ in 6 dimensions whose components areĉ km appears in a representation of the stressstrain relations due, in principle, to Kelvin [16, 17] , but expressed by Rychlewski [15] and Mehrabadi and Cowin [12] in contemporary linear algebra notation. In the next section the Kelvin formulation of the generalized Hooke's law is summarized. In the next paragraph these notations are explained in greater detail.
The anisotropic form of Hooke's law is often written in the indicial notation as T ij = C ij km E km , where the C ij km are the components of the elasticity tensor. Written as a linear transformation in six dimensions, Hooke's law has the representation 
in the notation of Voigt [20] . The relationships of the components of C ij km to the components of the symmetric matrix c are easily derived from these definitions and appear many places in the literature. Introducing new notation, (1) may be rewritten in the form T =ĉ E where the shearing components of these 6-dimensional stress and strain vectors, denoted by T and E respectively, are multiplied by √ 2, andĉ is a new six-by-six matrix (Mehrabadi and Cowin [12] ). The matrix form of T =ĉ E is given by 
230245.tex; 30/06/1999; 11:40; p.3 The matrixĉ is called the matrix of elastic coefficients and its inverseŝ, E = s T,ŝ =ĉ −1 is called the compliance matrix. A chart relating these various notations for the specific elastic coefficients is given in Table I of Cowin and Yang [4] or Table I of Cowin and Mehrabadi [3] . The 6-dimensional orthogonal transformation is represented by Q, which is a second-rank tensor in 6 dimensions that is directly related to an associated orthogonal second-rank tensor in 3 dimensions (Mehrabadi and Cowin [12] , Cowin and Mehrabadi [3] ); thus the tensor transformation law for c orŝ to a new or primed coordinate system iŝ
The eigenvalues and the eigenvectors ofĉ(ŝ) are determined from the equation(s)
where the vectors N represent the normalized eigenvectors ofĉ (orŝ). Sinceĉ (orŝ) is positive definite it has six positive eigenvalues. These eigenvalues are called the Kelvin moduli and are denoted by i , i = 1, . . . , 6, and are ordered (if possible) by the inequalities 1 · · · 6 > 0. The eigenvalues ofŝ are the inverses of the eigenvalues ofĉ. The eigensystems for various anisotropic elastic symmetries are described in Appendix A of Cowin and Yang [4] . The spectral representation of the 230245.tex; 30/06/1999; 11:40; p. 4 matricesĉ andŝ in terms of the eigenvalues i , i = 1, . . . , 6, and the normalized eigenvectors is given bŷ
The symmetry of (linearly elastic) materials may be characterized by the number and orientation of the planes of mirror, or reflective, symmetry (Cowin and Mehrabadi [1, 4] ). The material symmetry of wood is an appropriate example; it has three perpendicular planes of mirror symmetry. One plane is generally perpendicular to the long axis of the tree trunk, another is perpendicular to the tangent to the growth ring, and the third is perpendicular to the radial direction associated with the growth rings. In colloquial speech, by the 'grain of the wood' we mean the direction along the long axis of the wood fibers, fibers that are generally coincident with the long axis of the tree trunk. Here we define 'wood grain' as a set of three orthogonal, ordered directions, the first one of which coincides with the local 'colloquial' grain direction, which is locally the stiffest direction; the second and third directions are directions orthogonal to each other in the plane perpendicular to the 'colloquial' grain direction and also represent directions of extrema in stiffness in the local region of the wood. These directions are the directions tangent and perpendicular to the growth rings. The existence of these three perpendicular planes of mirror symmetry, and no others, mean that wood has orthotropic material symmetry. We refer to the symmetry coordinate system for an orthotropic material as the 'grain' coordinate system. In the grain coordinate system the compliance matrix may be expressed aŝ
The orthotropic elastic coefficients, 13 ) and 1/(2G 12 ) may be considered either as the components of a fourth-rank tensor in a space of 3 dimensions or as a second-rank tensor in a space of 6 dimensions (Mehrabadi and Cowin [12] , Cowin and Mehrabadi [3] ). For cancellous bone we refer to the grain coordinate system as the trabecular grain to distinguish it from the wood grain. By trabecular grain we mean a set of three ordered orthogonal directions, the first one Figure 1 . An illustration of the trabecular grain. By trabecular grain we mean a set of three ordered orthogonal directions, the first one of which lies along the local predominant trabecular direction, which is locally the stiffest direction; the second and third directions are directions orthogonal to each other in the plane perpendicular to the first direction and represent directions of extrema in stiffness in the local region of the cancellous bone. The specimen is a 7 mm cube.
of which lies along the local predominant trabecular direction, which is locally the stiffest direction; the second and third directions are orthogonal to each other in the plane perpendicular to the first direction and represent directions of extrema in stiffness in the local region of the cancellous bone, see Figure 1 . We know that these directions are orthogonal because it has been shown that cancellous bone has orthotropic elastic symmetry (shown by the present data analysis to be at the 95% confidence level for 141 specimens), that is to say, three perpendicular planes (or, alternatively, axes) of mirror or reflective symmetry, exist in each local region of the bone tissue.
The Elastic Constant Data Bases
In this section we describe the source of the elastic constant data we analyze. The results for cancellous bone presented in this work are based upon an analysis of a data base consisting of 141 human cancellous bone specimens. This data base, reported by van Rietbergen et al. [18, 19] and Kabel et al. [9] , is superior to previous data bases because the authors provide the entire set of anisotropic elastic constants without an a priori assumption of a particular material symmetry and without an assumption of the direction in which the maximum Young's modulus occurs. This data base is unique in many different ways, the most important of which is the large number of specimens and its method of construction, but particularly because it is not based entirely on measurements of real specimens. The data base of elastic constants of 141 human cancellous bone specimens employed here was constructed by imaging real specimens, then computationally determining their elastic constants. We believe that this cyberspace method of construction is more accurate than the conventional mechanical testing procedures for evaluating the elastic constants of human cancellous bone. The determination of the elastic constants of cancellous bone by conventional mechanical test procedures is very difficult. The basic problem is that, due to the size of the human body it is difficult to obtain specimens of cancellous bone that are more than 5 mm cubes. The logical way to test small cubes such as these is compression testing. However compression testing is highly inaccurate for cancellous bone because of (1) the frictional end effects of the platens, (2) the near impossiblility of identifying, a priori, the grain directions in a bone specimen and thus to cut a specimen in the grain directions, (3) the stiffening effect of the platens on the bone near the platens and (4) the unpredictable inhomogeneity of the specimen. These and other difficulties in the mechanical testing of cancellous bone are described in Keaveny [11] . The construction of the data base of elastic constants of 141 human cancellous bone specimens employed here was a breakthrough because it provided a relatively inexpensive method of determining the full set of anisotropic elastic constants for a small specimen of cancellous bone by a combination of imaging the specimen (Odgaard et al. [13] , Kabel, et al. [9, 10] ) and subsequent evaluation of the effective elastic constants using computational techniques based on the finite element method (van Rietbergen et al. [18, 19] , Hollister et al. [8] ). A sequence of loadings was applied to the finite element models of the specimen and the responses determined (van Rietbergen et al. [18, 19] ). The sequence of loadings was sufficient in number to determine all 21 elastic constants. Thus no material symmetry assumptions were made in the determination of the constants.
In this method the actual matrix material of the trabeculae comprising the bone specimen is assumed to have an axial Young's modulus E t . The value of E t may be fixed from a knowledge of the axial Young's modulus for the tissue, or from the shear modulus about some axis, or by measuring the tissue modulus E t itself. For purposes of numerical calculation E t was taken to be 1 GPa (van Rietbergen et al. [18, 19] , Odgaard et al. [13] , Kabel et al. [9] ). However, since these are linear F E-models, the F E-results can be scaled for any other modulus by multiplying the results with the new value of E t (in GPa). The tissue modulus E t thus is a scale factor that magnifies or reduces all the elastic constants. The inverse of the tissue modulus 1/E t multiplies each component in the elastic compliance matrix. The cancellous bone elastic constant results are presented here as multiples of E t (cf., e.g., Tables III and IV) .
Once the image of the specimen was in the computer and a finite element mesh was generated, a sequence of loadings (van Rietbergen et al. [18, 19] ) was applied to the specimen and the responses determined. The sequence of loadings was Table II . The elastic constants of softwoods from Hearmon [4] . The repetition of a wood species in several rows (e.g., Spruce) indicates several measurements. The many measurements for Spruce reflect its use in early aircraft. The units of ρ are g/cm 3 and the units of the elastic constants are GPa = 10 10 dynes/cm 2 . sufficient in number to determine all 21 elastic constants. Thus no material symmetry assumptions were made in the determination of the constants. Quantitative stereological programs were used to determine the solid volume fraction φ of each specimen. These are the data employed in the analysis reported here.
The source of the elastic constant data on hardwood and softwood is easier to describe; it was taken from Hearmon [5] . These data (Tables I and II) are relatively unique because they include both the elastic constants and the apparent density of the specimens. Note that the data on cancellous bone are given as a function of solid volume fraction φ, while those for the hardwoods and softwoods are given as functions of bulk or apparent density, ρ. These two quantities are related by ρ = γ φ where γ is the density of the actual solid matrix material (γ is approximately 1.9 g/cm 3 for human bone). γ is considered to be a constant for these materials, so ρ is proportional to φ.
Analysis of the Data
The data on the elastic constants of cancellous human bone and their volume fractions were analyzed in five steps. A detailed example for a particular human cancellous bone specimen is given in the Appendix. First, the eigenvalues and eigenvectors associated with the six-by-six matrix of elastic constant data were determined for each specimen. Second, the average of the 141 eigenbases was determined (see the Appendix for details). Third, observing that the elements in the average eigenvector basis associated with other than orthotropic symmetry were near zero, the eigenvector basis was statistically tested for its closeness to orthotropic symmetry. It was found that the set of 141 specimens had orthotropic symmetry at the 95% confidence level. Fourth, the data for each specimen were 230245.tex; 30/06/1999; 11:40; p.8 Figure 2 . A plot of the data on the first eigenvalue for the human cancellous bone data set against the solid volume fraction. The vertical scale is dimensionless because the value of the first eigenvalue is divided by E t . The horizontal scale (solid volume fraction) is also dimensionless.
referred to the common average eigenvector basis. The transformation law for second-rank Cartesian tensors was employed to transform the elasticity tensor from its original coordinate system which reflected no symmetry to the common average eigenvector basis where it reflected orthotropic symmetry except for a few small deviations. The elastic constants that were associated with other than elastic orthotropic symmetry were near zero and were neglected. The error associated with the neglect of these near-zero terms was less than 3.5% of the largest eigenvalue for the sixth specimen (Appendix) and the maximum error was 4.4% for specimen 36. This result demonstrated that the common average eigenvector basis was indeed common and almost independent of the volume fraction, paralleling the result noted by Cowin and Yang [4] that the eigenvectors for feldspar were independent of the composition of those materials. (The proof of that result in Cowin and Yang follows a different numerical argument, however.) Fifth, the six compositionally dependent invariants were regressed against their volume fractions employing linear log-log relationships. The rationale for the selection of log-log relationships is given by Hodgskinson and Currey [6] . The results of this analysis for cancellous bone, the dependence of the eigenvalues upon the solid volume fraction, are shown in the second column of Table III. In Table III , under each of the eigenvalues, are the squared correlation coefficients (R 2 ) for the correlation of that eigenvalue with the corresponding set of eigenvalues of the original data. A plot of the data on the first eigenvalue vs. solid volume fraction is presented in Figure 2 . Then, using the spectral representation (5) of the matrix of elastic coefficients in terms of its eigenvalues and eigenvectors, where the eigenvalues are compositionally dependent and the eigenvectors are not, the strain-stress relations were constructed. These relations reflect the explicit dependence upon solid volume fraction φ. The Table III . Results of the linear log-log regression of the eigenvalues against volume fraction φ for cancellous human bone and the linear log-log regression of the eigenvalues against apparent density ρ for hardwoods and softwoods. (Table IV) of the elastic constants for human cancellous bone are quite interesting and contain revealing insights. The Young's modulus of human cancellous bone plotted as a function of direction at the volume fraction φ = 0.35 is shown in Figure 3 . This 3-dimensional closed, peanutshell shaped, surface reflects the three orthogonal planes of mirror symmetry associated with orthotropy. For an isotropic material the surface shown in Figure 3 would be a sphere. As the solid volume fraction of cancellous bone changes, the overall average shape of the surface in Figure 3 stays the same, but the intercept values of the surface with the three principal directions increase or decrease with the volume fraction; that is to say the plot in Figure 3 is simply enlarged or reduced. It is interesting to note that the anisotropy ratios (E 1 /E 2 , E 1 /E 3 and E 2 /E 3 ) calculated from (3) are mildly decreasing with increasing volume fraction, thus the more dense material is associated with less pronounced anisotropy.
The data on the hardwoods and softwoods were analyzed in a manner similar to that for cancellous bone. The dependence of the eigenvalues for the wood types upon the apparent density is shown in the third and fourth columns of Table III . In Table III , under each of the eigenvalues, are the squared correlation coefficients (Table IV) plotted as a function of direction at the highest volume fraction measured, φ = 0.35. The scales of the axes are dimensionless because the value of the Young's modulus is divided by E t .
(R
2 ) for the correlation of that eigenvalue with the corresponding set of eigenvalues of the original data. The elastic constants obtained for the woods are given in the third and fourth columns of Table IV as a function of the apparent density. The results for the woods are not as strong as the results for the cancellous bone. The reason for this difference is the difference in the quality of the original data base. The data set on the cancellous bone is high quality data in that it contains all 21 elastic constants and the solid volume fraction for 141 specimens. The results concerning these data are strong because of the large number of specimens; the central limit theorem states that the difference between the true mean and the estimated mean depends inversely upon the number of specimens. Thus the true mean and the estimated mean approach each other as the number of specimens increases. The data on wood, given in Tables I and II , is based on about one-tenth the number of specimens. In addition, the assumption of orthotropic symmetry was incorporated into the data base for wood, while the data base for human cancellous bone is independent of any assumption concerning elastic material symmetry.
Discussion
The superiority of this model for representing the compositional dependence of the elastic constants is established by comparing it with the results obtained using other models. In the case of porous materials the customary model is to assume elastic isotropy and to regress the Young's modulus against solid volume fraction and obtain expressions for the Young's modulus E as a function of the solid volume fraction φ; for example E = (constant) φ n . This is done for cancellous bone and
In the preparation of Cowin and Yang [4] an exhaustive search of published data bases on anisotropic elastic constants of materials was accomplished and no data base was found that approached the quality of this cancellous bone data base. Table IV . The functional dependence of the orthotropic elastic constants of bone upon solid volume fraction, φ, and the functional dependence of the orthotropic elastic constants of the hardwoods and softwoods upon apparent density, ρ. Note that ρ = γ φ where γ is the density of the actual solid matrix material (γ is approximately 1.9 g/cm 3 for human bone). γ is considered to be a constant for these materials, so ρ is proportional to φ. [6, 7] ) the squared correlation coefficients (R 2 ) are in the range of 0.4 to 0.70; with the present model the squared correlation coefficient is 0.934 for the largest Young's modulus, about one-third higher. However the reader should keep in mind that the squared correlation coefficients we report were not obtained directly from experimental data as were the earlier ones. By reminding the reader of this fact we do not mean to imply that the method employed to obtain the elastic constants reported in van Rietbergen et al. [18, 19] and Kabel et al. [9] is any less accurate, only different. In fact, we believe that the data reported by van Rietbergen et al. [18, 19] and Kabel et al. [9] are superior to previous data because they provide the entire set of anisotropic elastic constants without an a priori assumption of a particular material symmetry and without an assumption of the direction in which the maximum Young's modulus occurs. The data bases employed by Rice et al. [14] (see also Cowin [2] ) consisted generally of uniaxial compression tests of small cubes of cancellous bone in which only the Young's modulus was reported. In these studies the direction of the maximum Young's modulus was assumed or estimated.
Elastic Constant Cancellous bone
The results presented here validate the method of analysis developed in Cowin and Yang [4] , in which the identification of the type of elastic symmetry is accomplished independent of the examination of the variable composition of the material, 230245.tex; 30/06/1999; 11:40; p.12 as a valid approach to the construction of anisotropic stress-strain relations for other anisotropic and compositionally variable materials.
Appendix: Analysis of the Data Base of Elastic Constant Measurements
The purpose of this appendix is to present a step-by-step summary of the numerical analysis performed on the human cancellous bone data base by describing the analysis performed on one vertebral specimen. The specimen selected was the sixth specimen. The specimen was imaged, a finite element model of the trabecular structure was constructed (van Rietbergen et al. [18, 19] ), and, by analysis of the response of the model to various loading situations, the matrix of elastic constants (i.e., the elasticity matrix) for that particular specimen was determined. The actual specimen is shown in Figure 1 . For the sixth specimen this compliance matrix is given in the Voigt notation in the original coordinate system by: 
where E t is the tissue modulus (see Section 3) and is equal to 1 GPa. The elasticity matrix in the Voigt notation is obtained from (A1) by inversion, thus 
The double index Voigt notation employed in these two equations does not produce a tensor and the analysis to be performed requires tensors. The elasticity matrix in the Voigt notation, c, may be converted to the second-rank tensor notation (in six dimensions)ĉ by multiplying the three-by-three matrices in the upper right and lower left hand corners of the six-by-six matrix c by √ 2 and the three-by-three matrix in the lower right hand corner of the six-by-six matrix c by 2, as may be seen from a comparison of equations (1) and (2), thus 
This elasticity matrix is the matrix of components of a second-rank tensor in six dimensions rather than the elasticity matrix in the Voigt notation and follows the conversion rules outlined above. The elasticity matrix was then sorted so thatĉ 11 > c 22 >ĉ 33 . This was accomplished by a sequence of coordinate transformations that permuted the axis labels, e.g. 1− > 2, 2− > 3, 3− > 1, etc. For the sixth specimen the permutation was 1 
Step 1. Find the eigenvalues and eigenvectors:
Using standard contemporary mathematical analysis programs such as MathCad, MatLab, Maple, Mathematica or MacSyma, the eigenvalues and eigenvectors of (A4) are calculated: 1 = 15.75, 2 = 6.958, 3 = 3.69, 4 = 4.515, 5 = 3.922, 6 = 9.396, 
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After this sorting operation the eigenvectors for this specimen were similar in structure to the eigenvectors calculated for other specimens. By similar we mean that each set of eigenvectors followed a similar pattern. The typical pattern was that the first three components of the first eigenvector are all positive, the second component of the second eigenvector and the third component of the third eigenvector are positive and greater in magnitude than any of the other components of that eigenvector. For the fourth, fifth and sixth eigenvectors the fourth, fifth and sixth components, respectively, are nearer to the value +1 than any other component of that eigenvector. In a few cases these pattern guidelines were not satisfied and some judgment was needed in the arrangement of the eigenvectors.
Step 2. Find the average eigenvectors:
The nominal average (NA) of the eigenvectors N NA k associated with a particular eigenmode, is the sum of all 141 eigenvectors associated with that particular eigenmode divided by 141,
The results for all six eigenmodes are: 
Step 3: Determine the type of elastic symmetry of these bone specimens:
There are eight possible types of linear elastic material symmetry (Cowin and Mehrabadi [3] ). To find the type of elastic symmetry characteristic of these 141 230245.tex; 30/06/1999; 11:40; p. 16 specimens we compared the eight eigenbases of these symmetries with the average eigenbasis (A7). The result of this comparison of the eight candidate eigenbases of these symmetries given in Mehrabadi and Cowin [12] shows that the elastic material symmetry with the closest eigenbasis is orthotropy. Two of the seven other elastic material symmetries (monoclinic and triclinic) are less than orthotropic and therefore include orthotropic as a special case; the symmetry of a material is designated by the greatest symmetry it exhibits. The other five elastic material symmetries (cubic, tetragonal, trigonal, transverse isotropy (hexagonal ) and isotropy) are greater than orthotropy. These five symmetries may be shown to be inconsistent with the data by comparing their eigenbases (Mehrabadi and Cowin [12] ) with (A7). Alternatively they may be shown to be inconsistent with the data by comparing properties of the set of orthotropic elastic constants obtained with the properties of the elastic constants of these lesser symmetries. A material symmetry greater than orthotropy and close to orthotropy is transverse isotropy; in order for an orthotropic material to be transversely isotropic about, say the 3-axis, it would be necessary for the orthotropic symmetry coefficients to satisfy the following four relationships: E 1 = E 12 , ν 13 = ν 23 , G 13 = G 23 and
It is easy to see that the elastic constants presented in (3) or (4) do not satisfy these relationships about the 3-axis (nor the corresponding relationships about the 1-or the 2-axis) and therefore there is no justification for the reduction to the greater symmetry of transverse isotropy. Cubic, tetragonal, trigonal, and isotropy may also be excluded by parallel arguments to this argument.
The eigenbasis for orthotropic symmetry has the form (Mehrabadi and Cowin [12] );
Comparison of (A7) with (A8) shows that, in order for the average eigenbasis (A7) to be orthotropic we may neglect components in (A7) whose values are very small, and approximate 0.999 by 1, to obtain the following estimate of the average (AVG EST):
The neglect of these small terms to obtain the eigenbasis for orthotropic symmetry is justified by use of a one-sided student z test, with known standard deviation, at the 95% confidence level. This test was applied to rotational difference measures described in Cowin and Yang [4] . This result is of considerable significance because the type of elastic symmetry was not assumed a priori; the type of elastic symmetry was obtained by matching the average eigenbasis obtained from the data to the typical form of the eigenbasis for orthotropic elastic symmetry. This demonstrates that these 141 specimens of human cancellous bone have elastic orthotropic symmetry at the 95% confidence level.
Step 4. Transformation of the matrix of elasticity tensor components to the canonical coordinate system for orthotropic symmetry:
The matrix of elasticity tensor components (A4) for the sixth specimen will be transformed to the average eigenbasis N AVG k given by (A7) using the tensor transformation rule for Cartesian second-rank tensors, a transformation rule that employs the orthogonal transformation from the original basis used for specimen six to the basis N 
andĉ is given bŷ 
Neglecting the elements with small values in the three-by-three matrices in the upper right and lower left hand corners of the six-by-six matrix (A11) as well as the off-diagonal elements in the three-by-three matrix in the lower right hand corner of the six-by-six matrix (A11), the transformed elastic matrix in the canonical coordinate system for orthotropic symmetry is given bŷ 
The largest number in this matrix is 0.472. If we divide this number by the value of the maximum eigenvalue, 15.75, the estimate of error is 3%. Employing the same method we found that the maximum error for all 141 specimens was 4.4% and it occurred in the data for specimen 36. The error for the data from most of the specimens was less than 3.5%. The calculation of error has presented a problem because it can be done in many different ways. For example, the estimate of maximum error for this specimen is 12.8% if we consider the error relative to the smallest, rather than the largest, eigenvalue. Thus, a statement about error only has meaning in relation to the method of calculation. It appears reasonable to us to base our estimate of error on the largest eigenvalue because that number will likely be the most significant in most situations. A disadvantage of this method of error calculation, pointed out by a referee, is that the error will be different for the same matrix if it applied to the inverse if the matrix. In this case the error estimate will be based on the smallest rather the largest of the eigenvalues of the original matrix. Another method of calculating the error was employed by van Rietbergen et al. [18] . That method uses a matrix norm which includes all the error from each matrix component. Using van Rietbergen's method we find that the maximum error is 47.5% and it occurred for specimen 39 although, for all but 5 of the 141 specimens, the error was less than 25%. The van Rietbergen method appears to make the error appear larger than it is due to the use of a matrix norm.
Step 5. Analysis of the eigenvalue dependence upon volume fraction and the final representation:
The six compositionally dependent invariants were regressed against their volume fractions using linear log-log relationships. The results of this analysis, the dependence of the eigenvalues upon the solid volume fraction, are shown in Table III . Then using the spectral representation of the matrix of elastic coefficients in terms of its eigenvalues and eigenvectors, (5) , where the eigenvalues are compositionally dependent and the eigenvectors are not, the strain-stress relations were constructed. These relations reflect the explicit dependence upon volume fraction. The squared correlation coefficients (R 2 ) for the orthotropic elastic coefficients are as follows: for 1/E 1 
